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Let p : X → D be a simple, possibly not connected, 4-sheeted branched covering of
a closed 2-dimensional disk D with n branch values A1, . . . , An . The isotopy classes
of homeomorphisms of D which are ﬁxed on the boundary of D and permute the
branch values form a braid group Bn . Some of these homeomorphisms can be lifted
to homeomorphisms of X . They form a subgroup L(p) of ﬁnite index in Bn . For each
equivalence class of coverings we ﬁnd a set of generators for L(p) which contains between
n and n + 4 elements, depending on the equivalence class of the covering, and the
generators are powers of half-twists.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Let p : X → D be a simple, possibly not connected, 4-sheeted branched covering of a closed 2-dimensional disk D . Simple
means that over each point of X there are either four “simple” points of X or two simple points and one “double” point,
a branch point. The image A = p(B) of a branch point B is called a branch value. The isotopy classes of homeomorphisms
of D which are ﬁxed on the boundary of D and permute the branch values form a braid group Bn , where n is the number
of branch points. Some of these homeomorphisms can be lifted to homeomorphisms of X . They form a subgroup L(p) of
ﬁnite index in Bn . Group L(p) is ﬁnitely generated. The purpose of this paper is to ﬁnd an explicit small set generating
L(p) for all equivalence classes of 4-sheeted coverings p of D with n branch points. There are three classes of connected
coverings if n is even, two classes of connected coverings if n is odd (some classes are empty if n is small) and several
classes of disconnected coverings.
Our true purpose was to consider 4-sheeted coverings of a sphere, but the induction method which we use requires the
knowledge of all coverings of a disk with smaller number of branch points. We hope to use the results of this paper in
order to establish equivalence of canonical symplectic structures of certain simply-connected complex algebraic surfaces of
general type belonging to different connected components of moduli space. These surfaces were constructed by Catanese
and considered in [4] where a diffeomorphism of these surfaces was established.
Branched coverings of a disk and their equivalence classes were studied by Hurwitz in [7] and by Berstein and Edmonds
in [5]. Equivalence classes of branched coverings of surfaces of any genus were studied by Gabai and Kazez in [6]. Lifting
of homeomorphisms was considered in [2] for 3-sheeted coverings and in [3] for n-sheeted coverings of a disk by a disk.
More recently Mulazzani and Piergallini considered n-sheeted coverings in [8] and proved that L(p) is always generated by
powers of half-twists. Apostolakis considered 4-sheeted coverings in [1] and found generators for a certain quotient of the
group L(p).
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In this section p : X → D is a ﬁxed, simple 4-sheeted branched covering of a disk with n branch values A1, A2, . . . , An .
We may choose a base point A0 on the boundary of D . Let B1, B2, B3, B4 be the points of X in p−1(A0). Let σ be a closed
loop in D which starts at A0 and misses the branch values. When we lift σ to X from any point Bi , we end up at some
point B j . This deﬁnes a permutation μ(σ ) in the symmetric group Σ4, which depends only on the homotopy class of σ
in the complement of the branch values. We get the monodromy homomorphism μ : π1{D − {A1, A2, . . . , An}, A0}} → Σ4.
The monodromy of the boundary ∂D , oriented clockwise, is called the total monodromy of the covering p. We say that
coverings p1 : X1 → D1 and p2 : X2 → D2 are equivalent if there exist homeomorphisms h : D1 → D2 and φ : X1 → X2 such
that hp1 = p2φ. It was proven in [5] and again in [8] that
Proposition 1. Connected simple coverings p1 and p2 are equivalent if and only if they have the same degreem (number of sheets), the
same number of branch points and the total monodromy of p1 is conjugated to the total monodromy of p2 in the symmetric group Σm.
Deﬁnition 1. A curve in D is a simple path which begins at A0 and ends at some branch value and does not meet other
branch values. Curves are deﬁned up to isotopy relative to the branch values. We say that curves are disjoint if they meet
only at A0.
By the monodromy μ(α) of a curve α we mean the monodromy of a closed path αˆ which goes along α to a point very
near to its end point, a branch value Ai , then turns clockwise around Ai along a small circle and then comes back along α.
μ(α) is always a 2-cycle in Σ4.
Deﬁnition 2. A (geometric) basis is a sequence of n disjoint curves α1,α2, . . . ,αn which meet at A0 in this clockwise order.
The sequence of transpositions (μ(α1), . . . , μ(αn)) is called a monodromy sequence for the covering p.
It follows from Mulazzani–Piergallini’s proof of Proposition 1 that
Proposition 2. If connected simple coverings p1 and p2 have the same number of branch points and have identical total monodromy
then they possess identical monodromy sequences. Conversely if coverings p1 : X1 → D1 and p2 : X2 → D2 have identical monodromy
sequences for some geometric bases then there exist homeomorphisms h : D1 → D2 and φ : X1 → X2 such that hp1 = p2φ , h takes
base point to base point and one basis to the other. In particular h preserves the monodromy of curves.
The second part of the proposition is related to Riemann’s Existence Theorem, but this topological formulation has a very
simple proof.
Deﬁnition 3. We say that a homeomorphism h of D , which keeps the boundary ∂D pointwise ﬁxed and permutes the
branch values, is liftable if there exists a homeomorphism φ of X such that hp = pφ and φ ﬁxes the points B1, B2, B3, B4.
It follows from Proposition 2 that
Corollary 2.1. Homeomorphism h is liftable if and only if it preserves monodromy of some geometric basis. If we have two geometric
bases with the same monodromy sequences then there exists a liftable homeomorphism which takes one basis onto the other.
Deﬁnition 4. An arc in D is a simple path which connects two branch values and is disjoint from the other branch values
and from the boundary of D . Arcs are deﬁned up to isotopy relative to the branch values. A closed regular neighborhood of
an arc x is homeomorphic to the closed unit disk U in the complex plane C with arc x corresponding to a sub-arc y of the
real axis centered at 0. A half-twist around x is the isotopy class of a homeomorphism of D obtained by extending with
the identity the following homeomorphism T of U . Homeomorphism T rotates the arc y counterclockwise around 0 by 180
degrees and pulls a neighborhood of y with y keeping the boundary of U pointwise ﬁxed. We denote the half-twist around
x again by the letter x.
There are three types of arcs. An arc x connects two branch values. Each branch value has one branch point in its
preimage. The arc x lifts to four different arcs in X . If two of these arcs meet a branch point at each end point and form
a loop ξ then the half-twist x lifts to the Dehn twist of X around ξ . In that case we call x an arc of Type 1. If two arcs
meet one branch point and the two other arcs meet the other branch point then the half-twist x does not lift to X but x2
lifts to X . In that case we call x an arc of Type 2. In the last case one arc meets a branch point at both ends and two other
arcs meet a branch point at one end each. Then x and x2 do not lift to X but x3 lifts to X . In that case we call x an arc of
Type 3.
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α1 = x(α), the image of α under the half-twist x. Then the arc x is of Type 1 if μ(α) = μ(α1), arc x is of Type 2 if μ(α) is
disjoint from μ(α1) and x is of Type 3 if transpositions μ(α) and μ(α1) have exactly one number in common.
Notation. If h and g are homeomorphisms we denote by h(g) the conjugate of g by h, h(g) = hgh−1. If h is a homeomor-
phism and x is an arc or a half-twist then h(x) deﬁnes an arc or a half-twist respectively. The half-twist with respect to the
arc h(x) is equal to hxh−1 so there is no contradiction in this notation.
Deﬁnition 5. A basic sequence of arcs consists of n − 1 arcs x1, x2, . . . , xn−1 such that arc xi meets arc xi+1 at its end point
and there are no other intersections between arcs xi and x j for 1 i < j  n − 1.
We associate a basic sequence of arcs x1, x2, . . . , xn−1 with any geometric basis α1,α2, . . . ,αn . The arc xi connects the
end point of αi with the end point of αi+1 and is homotopic, relative the branch values, to the path α−1i αi+1.
Remark 2. We can pass from any geometric basis γ1, . . . , γn to any other geometric basis by a sequence of Hurwitz moves.
In each move we take curve γi to the right, over the curve γi+1 (or to the left over γi−1) and get a new curve γ ′ . For the
move to the right the loop γˆ ′ (see Deﬁnition 1) is equal to γˆ −1i+1γˆi γˆi+1 and the monodromy μ(γ
′) = μ(γi+1)−1μ(γi)μ(γi+1).
3. The main theorem
We shall describe a covering by a monodromy sequence of some geometric basis. By a type of the monodromy sequence
(or of the basis) we shall mean the monodromy sequence up to renumbering, up to conjugation in the symmetric group Σ4.
We shall consider all equivalence classes of 4-sheeted simple branched coverings of a disk with n  2 branch points. In
each class we shall list one or more special types of monodromy sequences. In order to describe a special type of a basis we
may assume that D is the unit disk in the complex plane C, that the branch values A1 < A2 < · · · < An are real numbers,
that the base point A0 lies below the branch values and that the curves α1,α2, . . . ,αn are the straight segments connecting
A0 with A1, A2, . . . , An respectively. The associated basic sequence consists of the consecutive intervals xi of the real axis
between Ai and Ai+1. For each special type of basis we shall distinguish the arcs xi and some additional arcs. The additional
distinguished arcs will be denoted by symbols yi , wi , d and e. The arcs with the same letter (for different types of basis)
will look similar and have similar properties but they may be slightly different so they should be considered together with
the type of basis for which they are deﬁned.
The special types are chosen for the purpose of a proof by induction. Different special types may represent equivalent
coverings but for each equivalence class of a simple 4-sheeted branched covering there is at least one special type of basis
representing this class.
It is our goal to prove that for each special type of basis the liftable powers of twists along the distinguished arcs
generate the whole group L(p).
Special types of geometric bases.
Type 1. Monodromy sequence: (1,2), (1,2), . . . , (1,2).
Distinguished arcs x1, x2, . . . , xn−1 all of them of Type 1.
Type 2. Monodromy sequence: (2,3), (1,3), . . . , (1,3), n 2.
Arc x1 has Type 3, other xi ’s have Type 1. There is an additional distinguished arc d of Type 1, if n > 4 (see Fig. 1).
Type 3. Monodromy sequence: (2,3), (2,3), (1,3), . . . , (1,3), n 4.
Arc x2 has Type 3, other xi ’s have Type 1. Additional distinguished arcs: w of Type 1 and d of Type 1 if n > 5 (see Fig. 2).
Type 4. Monodromy sequence: (2,3), (2,3), . . . , (2,3), (1,4), (1,4), . . . , (1,4) where transposition (2,3) appears k times,
1 < k n − k.
Arc xk has Type 2, other xi ’s have Type 1.
In fact these are several types corresponding to representations of n as a sum of two natural numbers.
Type 5. Monodromy sequence: (2,3), (1,3), (1,4), (1,4), . . . , (1,4), n 3.
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Fig. 2. Arcs d and w for Type 3.
Fig. 3. Arcs d and y1 and y3 for Type 5.
Fig. 4. Arcs d, w , y1 and y5 for Type 6.
Fig. 5. Arcs w , w1, e, y1 and d for Type 7.
Arcs x1 and x2 have Type 3, other xi ’s have Type 1. Additional distinguished arcs: y1 of Type 2, d of Type 1 if n > 5 and
y3 of Type 2 if n is odd, n 5 (see Fig. 3).
Type 6. Monodromy sequence: (2,3), (1,3), (1,3), (1,4), (1,4), . . . , (1,4), n 4.
Arcs x1 and x3 are of Type 3, other xi ’s have Type 1. Additional distinguished arcs: y1 of Type 2 (also y2 symmetric to
y1 with respect to the real axis if n = 4), w of Type 1 if n > 4, d of Type 1, if n > 6, and y5 (and y6 symmetric to y5 with
respect to the real axis) if n is even, n 6 (see Fig. 4).
Type 7. Monodromy sequence: (2,3), (2,3), (1,3), (1,3), (1,4), (1,4), (1,4), . . . , (1,4), n 6.
Arcs x2 and x4 have Type 3, other xi ’s have Type 1. Additional distinguished arcs: y1 of Type 2, w and w1 and e of
Type 1, and d of Type 1 if n > 7 (see Fig. 5).
Type 8. Monodromy sequence: (2,3), (2,3), (1,3), (1,4), (1,4), . . . , (1,4), n 5.
Arcs x2 and x3 have Type 3, other xi ’s have Type 1. Additional distinguished arcs: y1 of Type 2, w of Type 1 and d of
Type 1, if n > 6 (see Fig. 6).
We now list all equivalence classes of 4-sheeted simple branched coverings with n branch points and for each class we
list one special type of basis which exists for this class. Some classes correspond to n odd and other to n even.
Class 1. Covering has 3 components, two trivial and one covering D twice. Total monodromy is trivial. Basis of Type 1.
Class 2. Covering has 3 components, two trivial and one covering D twice. Total monodromy is a transposition. Basis of
Type 1.
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Class 3. Covering has 2 components, one trivial and one covering D three times. Total monodromy is trivial. Basis of Type 3.
Class 4. Covering has 2 components, one trivial and one covering D three times. Total monodromy is a transposition. Basis
of Type 3.
Class 5. Covering has 2 components, one trivial and one covering D three times. Total monodromy is a 3-cycle. Basis of
Type 2.
Class 6. Covering has 2 components, each covering D twice. In fact these are several classes corresponding to representations
of n as a sum of two natural numbers. Basis of Type 4.
Class 7. Covering is connected. Total monodromy is trivial. Basis of Type 7.
Class 8. Covering is connected. Total monodromy is a transposition. Basis of Type 6.
Class 9. Covering is connected. Total monodromy is a 3-cycle. Basis of Type 5.
Class 10. Covering is connected. Total monodromy is a product of two disjoint transpositions. Basis of Type 6.
Class 11. Covering is connected. Total monodromy is a 4-cycle. Basis of Type 5.
Theorem 3 (Main Theorem). Let p : X → D be a simple, 4-sheeted branched covering of a disk with n branch points, determined by
monodromy sequence of Type j, 1 j  8. Then the group L(p) of the isotopy classes of the liftable homeomorphisms of D is generated
by the liftable powers of half-twists with respect to the distinguished arcs described for Type j.
4. Proof of the Main Theorem
The theorem is obvious for Type 1. Twists x j generate all of the braid group Bn = L(p).
The theorem was proven for Type 2 in [2].
Deﬁnition 6. Let p : X → D be a simple 4-sheeted covering of a disk. We denote by L(p) the group of the liftable homeo-
morphisms of D . For a curve γ we denote by L(γ ) the subgroup of the elements of L(p) which leave γ invariant. Let H
be a subgroup of L(p). Then H(γ ) = H ∩ L(γ ). We say that two curves or arcs are equivalent if there exists an element
f ∈ L(p) which takes one onto the other and they are H-equivalent if there is such f which belongs to H . We say that an
arc z is H-admissible if the liftable powers of the half-twist z belong to H .
Deﬁnition 7. If γ is a curve in D then D(γ ) is the complement of an open regular neighborhood of γ in D and p(γ ) is the
restriction of p to D(γ ). Also if β,γ are disjoint curves then D(β,γ ) is the complement of an open regular neighborhood
of the union β ∪γ and p(β,γ ) is the restriction of p to D(β,γ ). A curve γ is non-separating if p(γ ) has the same number
of connected components as p. A pair of disjoint curves is non-separating if p(β,γ ) has the same number of connected
components as p. If β and γ are disjoint curves then we say that γ does not separate p(β) if the number of connected
components of p(β) is the same as the number of connected components of p(β,γ ). If β is a curve and we choose a
geometric basis in D(β) of Type j (on the left or on the right side of β) then we denote by x˜1, x˜2, . . . , x˜n−2 the basic
sequence of arcs associated with the basis and we denote by y˜i , w˜i , d˜, e˜ the additional distinguished arcs for Type j.
When we remove a regular neighborhood of a curve γ from D then we remove the base point A0. We need to choose
a new base point in D(γ ). There are two natural choices: a point A′0 on ∂D a little to the right of A0 (before A0 in the
clockwise order along ∂D) or a point A′′0 on ∂D to the left of A0. This deﬁnes curves and their monodromies in D(γ ) on the
right side of γ and on the left side of γ , because the points above A′0 and A′′0 have a numbering induced by the numbering
of sheets above A0.
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If curves α and β are H-equivalent and if H(α) = L(α) then H(β) = L(β).
Proof. We have z = hyh−1 and zi = hyih−1 with h ∈ H . So zi and yi are both in H or both not in H .
Suppose h(α) = β , h ∈ H and suppose H(α) = L(α). Let f ∈ L(β). Then f (β) = β . Therefore h−1 f h(α) = α, hence
h−1 f h ∈ H . But then also f ∈ H hence f ∈ H(β). 
Proof of Theorem 3 for basis of Type 4. Let p be a covering with a monodromy sequence of Type 4. Let H be the subgroup
of L(p) generated by the liftable powers of half-twists with respect to the distinguished arcs described for Type 4. A liftable
homeomorphism h must permute the points A1, . . . , Ak between themselves and points Ak+1, . . . , An between themselves.
Composing h with suitable xi ’s, i = k, we may assume that h belongs to the pure braid group. All standard generators of the
pure braid group are H-equivalent to x21 or x
2
k or x
2
k+1 so they are H-admissible. Therefore h ∈ H and L(p) = H . 
The proof of Theorem 3 for Types 3, 5–8 will proceed by induction on the number n of branch points.
If n = 2 then Bn is generated by x1 and L(p) = H(p) is generated by the liftable power of x1 so this case is also done.
If n = 3 and p is a connected covering then it is of Type 5 and L(p) = H(p) is generated by x31, x32, y21. This was proven
in [3] and in [8]. If n = 3 and p is not connected then p is represented by a basis of Type 1 or Type 2 or Type 4.
So we may assume that n 4.
Induction Hypothesis. We assume that Theorem 3 is true for every covering determined by a basic sequence of Type j with
less than n branch points for j = 1,2, . . . ,8.
We shall prove the induction step separately for each of the Types 3, 5–7. Induction step for Type 8 follows easily from
the others.
The proof for each type will follow the pattern which we now explain.
We ﬁx a covering p of Type j with n branch points and ﬁx a standard geometric basis of curves α1, . . . ,αn with the
monodromy sequence of Type j. We denote by H the subgroup of L(p) generated by the liftable powers of half-twists
with respect to the distinguished arcs described for Type j. For each transposition ν we ﬁx a non-separating curve βν with
monodromy ν if there exists such curve (it needs not to exist for small n). Curves H-equivalent to βν are called elementary
curves. In order to check the subsequent properties we list several elementary curves with monodromy ν for each ν .
Remark 3. Let p1 be a simple 4-sheeted covering of a disk D1 with k branch values and with total monodromy τ0.
If p1 has one component, then any monodromy sequence in D1 contains three transpositions the product of which is
a 4-cycle. If τ0 is a 4-cycle then k  3. If τ0 is a 3-cycle or a product of two disjoint transpositions then k  4. If τ0 is a
transposition then k 5. If τ0 is trivial then k 6.
If p1 has two components, one trivial and one 3-sheeted then any monodromy sequence in D1 contains two transposi-
tions the product of which is a 3-cycle. If τ0 is a 3-cycle then k  2. If τ0 is a transposition then k  3. If τ0 is trivial then
k 4.
Consider now a 4-sheeted covering p of a disk D with n branch values and with total monodromy τ . Let γ be a non-
separating curve with monodromy ν1 and let τ0 = ν1τ be the total monodromy of p(γ ). By the above considerations the
following is true.
If p has one component then if τ0 is a 4-cycle then n  4, if τ0 is a 3-cycle or a product of two disjoint transpositions
then n 5, if τ0 is a transposition then n 6, if τ0 is trivial then n 7.
If p has two components one trivial and one 3-sheeted then if τ0 is a 3-cycle then n  3, if τ0 is a transposition then
n 4, if τ0 is trivial then n 5.
Let now γ1, γ2 be a non-separating pair of disjoint curves, γ1 on the left of γ2, with monodromies ν1, ν2 respectively.
Let τ0 = ν2ν1τ be the total monodromy of p(γ1, γ2). By the previous considerations the following is true.
If p has one component then if τ0 is a 4-cycle then n  5, if τ0 is a 3-cycle or a product of two disjoint transpositions
then n 6, if τ0 is a transposition then n 7, if τ0 is trivial then n 8.
If p has two components one trivial and one 3-sheeted then if τ0 is a 3-cycle then n  4, if τ0 is a transposition then
n 5, if τ0 is trivial then n 6.
We say that n is suﬃcient for the transposition ν1 or for the pair of transpositions ν1, ν2 if it satisﬁes the respective
inequality.
When we prove the induction step for each type we start with a proof of the following property.
Property A. For every pair of transpositions ν1, ν2 if n is suﬃcient for ν1, ν2 (see Remark 3) then there exists a non-separating pair of
disjoint elementary curves γ1, γ2 with monodromies ν1, ν2 respectively, such that γ1 is on the left of γ2 .
Lemma 3.2. If non-separating curves α and β have the same monodromy then they are equivalent.
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are connected, or both have one trivial component and one 3-sheeted component, and have the same total monodromy
so, by Proposition 2, they possess geometric bases with identical monodromy sequences. Adding the ﬁrst curves α and β
respectively and using Corollary 2.1 we get a map f which takes one basis onto the other. 
Corollary 3.1. Let β be a curve such that L(β) = H(β). Let γ be a curve which is disjoint from β and does not separate p(β). Suppose
there exists an elementary curve γ1 which is disjoint from β , does not separate p(β), has the same monodromy as γ and lies on the
same side of β as γ . Then γ is elementary.
Proof. By Lemma 3.2 there exists a homeomorphism f ∈ L(β) which takes γ onto γ1. By our assumptions f ∈ H . Thus γ
is elementary. 
Corollary 3.2. Suppose Property A is satisﬁed. Suppose β,γ are disjoint curves and β is elementary and L(β) = H(β) and γ does not
separate p(β). Then γ is elementary.
Proof. We may assume, by symmetry, that γ is on the right side of β . Since the pair β,γ exists n must be suﬃcient for
the pair of monodromies ν1, ν2 of β and γ respectively. Therefore there exist disjoint elementary curves γ1, γ2, with mon-
odromies ν1, ν2 respectively such that γ2 is on the right side of γ1 and γ2 does not separate p(γ1). Since β is elementary
there exists h ∈ H such that h(γ1) = β and h(γ2) = γ3. Now γ3 is elementary, disjoint from β , lies on the right side of β
and does not separate p(β). Therefore γ is elementary by Corollary 3.1. 
After proving Property A we prove the following
Property B. If β is an elementary curve or is equal to α1 or to αn then H(β) = L(β).
In order to prove Property B for a given elementary curve β we choose a basis of some special Type j in the complement
of β on the left or on the right side of β and prove that all distinguished arcs for this type of basis are H-admissible. Then
Property B follows by the Induction Hypothesis.
Remark 4. If γ is a curve such that L(γ ) = H(γ ) then every arc in D(γ ) is H-admissible.
Remark 5. Suppose that γ1, . . . , γm is a basis of Type j and that we already know that L(γ1) = H(γ1) and L(γm) = H(γm).
Then every distinguished arc for Type j is disjoint from γ1 or disjoint from γm , and therefore H-admissible by the previous
remark, except for the following cases:
m = 3,
Type 2, m = 5, arc d˜,
Type 3, m = 4, arc w˜ ,
Type 5, m-odd, arc y˜3,
Type 6, m-even, arc y˜5 and y˜6,
Type 7, m = 6, arc e˜,
Type 8, m = 5, arc w˜ .
In order to reduce the number of curves β for which we need to prove that H(β) = L(β) we use the following reduction
lemma.
Lemma 3.3. Let p be a covering of Type j which satisﬁes Property A. Let τ be the total monodromy of p. Let T be the Dehn twist with
respect to the boundary of D.
Let γ be a curve and let γ1 = T (γ ). Then μ(γ1) = τ−1μ(γ )τ . If L(γ ) = H(γ ) then L(γ1) = H(γ1).
Suppose also that β is a curve disjoint from γ which lies on the right side of γ , that L(β) = H(β) and that γ does not separate
p(β). Then γ1 lies on the right side of β and does not separate p(β). If β is elementary then γ1 is elementary. If β is not elementary but
there exists an elementary curve β1 disjoint from β , on the right side of β , which does not separate p(β) and has the same monodromy
as γ1 then γ1 is elementary.
Similar statements are true if we switch sides and γ is on the right side of β .
Proof. Curve γ1 is shown on Fig. 7. If δ is a path which starts at A0 and moves parallel to the boundary of D in the
clockwise direction until it reaches A0 again then μ(δ) = τ and γˆ1 = δ−1γˆ δ therefore μ(γ1) = τ−1μ(γ )τ . We can choose
a basic sequence of arcs in D(γ ) which lies in D(γ1). Since a regular neighborhood of a basic sequence is isotopic to the
whole domain relative the branch values, every arc in D(γ1) is isotopic to an arc in D(γ ). By the Induction Hypothesis
L(γ ) and L(γ1) are generated by powers of half-twists. If L(γ ) = H(γ ) then all arcs in D(γ ) are H-admissible and therefore
L(γ1) = H(γ1).
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Let β be a curve disjoint from γ as in the lemma (see Fig. 7). We can choose a basic sequence of arcs in D(β,γ )
which lies in D(β,γ1). Therefore p(β,γ ) has the same number of components as p(β,γ1). If γ does not separate p(β)
then γ1 does not separate p(β). If β is elementary then γ1 is elementary by Corollary 3.2. If β1 is elementary and does not
separate p(β) and has the same monodromy as γ1 then β1 and γ1 are equivalent in D(β) and since L(β) = H(β) they are
H-equivalent. So γ1 is elementary.
If γ lies on the right side of β we use the inverse of the boundary twist and let γ1 = T−1(γ ). A symmetric argument
gives the required results. 
The following corollary will be used most often.
Corollary 3.3. Let β1, β2 be a non-separating pair of disjoint elementary curves with monodromies ν1, ν2 respectively and with β2
on the right side of β1 . Suppose that L(β1) = H(β1) and L(β2) = H(β2). Let τ be the total monodromy of the covering p and let
ν = τ−1ν1τ . Then the elementary curve βν satisﬁes L(βν) = H(βν).
Lemma 3.4. If β is a separating curve and γ is disjoint from β then γ separates p if and only if γ separates p(β). If p is connected and
n 4 there are at most two disjoint separating curves. If p has a 3-sheeted component and n 3 there are no two disjoint separating
curves.
Proof. Splitting p along one curve may increase the number of the connected components of p by one at most. If β
separates then p(β) has one connected component more then p. If γ separates p(β) then p(β,γ ) has two components
more than p. If we split ﬁrst along γ and then along β we get again two more components than p so γ must separate p.
Suppose now that γ does not separate p(β). Thus p(β,γ ) have the same connected components as p(β) and the preimage
of the neighborhood of β connects two of these components. Therefore p(γ ) has the same number of components as p
and γ is non-separating. By induction any additional separating curve disjoint from these two curves must further separate
the covering. Three disjoint separating curves would split the covering into a trivial covering, which is impossible if n > 3-
some branch points remain. Two disjoint separating curves would split a 3-sheeted covering into a trivial covering, which
is again impossible if n > 2. 
We shall prove now
Proposition 4. If Properties A and B are satisﬁed then H = L(p).
Deﬁnition 8. Let γ be a curve. The index of γ (with respect to the given geometric basis α1, . . . ,αn) is the number of
intersection points of γ with the union of αi ’s, not counting the end points of γ .
We shall prove by induction on index that every non-separating curve γ is elementary. If γ has index zero then it is
equal to some αi or it runs parallel to some αi beyond its end point and then turns left or right and ends at some A j . If
there are more than two curves αi with the same monodromy as αn then γ is disjoint from one of them and does not
separate its complement and is elementary by Corollary 3.2. In all other cases all non-separating curves with index zero are
listed as elementary for every special type of basis.
Let γ be a curve of index k > 0. Consider a curve αi which does not meet γ at its end. If it meets γ let Pi be the last
point of intersection of αi with γ along αi , starting from A0, and let li be the segment of αi from Pi to the end point Ai
of αi . Segments li may be on one or on both sides of γ (see Fig. 8, left side).
We construct some new curves. We start at A0 and move parallel to γ on the suitable side of γ until we reach consec-
utive segments li . Then we move along li to its end. Together with curves α j disjoint from γ we get n − 1 disjoint curves
of index less than k in D(γ ) (see Fig. 8, right side).
The case of p connected and n = 4 is special and we consider it ﬁrst.
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Lemma 4.1. If p is connected and n = 4 and γ1, γ2 are disjoint non-separating curves with γ2 on the right side of γ1 then there exist
disjoint elementary curves β1, β2 such that β2 is on the right side of β1 and μ(β1) = μ(γ1) = ν1 and μ(β2) = μ(γ2) = ν2 .
Proof. If p is connected and n = 4 then we are either in the case of Type 5 or in the case of Type 6.
Consider Type 5 ﬁrst. The total monodromy τ = (3,2,1). If γi is a non-separating curve then, by Remark 3, τ0 = νiτ
must be a 4-cycle, therefore νi must contain number 4. We list pairs of disjoint elementary curves from Figs. 13–16 for all
pairs of possible monodromies ν1, ν2:
(β ′1,4, β1,4), (α3, β ′′′2,4), (α3, β3,4), (β2,4,α3), (β2,4, β ′′′2,4), (β2,4, β3,4), (β3,4,α4), (β3,4, β ′′′2,4), (β3,4, β ′′3,4).
Consider now Type 6. The total monodromy τ = (1,4)(2,3). If γi is a non-separating curve then, by Remark 3, τ0 = νiτ
must be a 4-cycle, therefore νi must contain one of the numbers (1,4) and one of the numbers (2,3). We list pairs of
disjoint elementary curves from Figs. 21–23 for all pairs of possible monodromies ν1, ν2:
(β1,2, β
′
1,2), (β1,2,α3), (β1,2, β
′′′
2,4), (β1,2, β3,4), (α3, β
′
1,2), (α2,α3), (α3, β
′′′
2,4), (α2, β3,4), (β2,4, β
′
1,2), (β2,4,α3), (β2,4,
x2x33(β2,4)), (x
−1
2 (β2,4), β3,4), (β3,4, x
3
3 y
2
2x
3
1(β1,2)), (β
′′
3,4,α3), (β3,4, β
′′′
2,4), (x
−1
2 (β
′′
3,4), β3,4). 
We come back to the proof that γ is elementary. There are 3 disjoint curves of index smaller than k in the complement
of γ . At least one of them, call it γ1, is non-separating, by Lemma 3.4. Thus γ1 is elementary. By the last lemma there exist
disjoint elementary curves β1, β2 in the same order as γ1, γ , such that μ(β1) = μ(γ1) and μ(β2) = μ(γ ). There exists
h ∈ H such that h(β1) = γ1 and h(β2) = β3. Curve β3 is elementary, disjoint from γ1, lies on the same side of γ1 as γ
and has the same monodromy as γ . We can complete each pair (γ1, γ ) and (γ1, β3) to a basis. Take any of these bases.
It has two more curves, say γ3, γ4. The product of the monodromies τ0 = μ(γ3)μ(γ4) is ﬁxed, equal to μ(γ )μ(γ1)τ or to
μ(γ1)μ(γ )τ and is not equal to 0. Indeed in the case of Type 5 the monodromies of γ and γ1 contain number 4 so their
product is not equal to τ = (3,2,1) and in the case of Type 6 the monodromies of γ and γ1 contain one number from
(1,4) and one number from (2,3) so again their product is not equal to τ = (1,4)(2,3). If τ0 is a 3-cycle, say (a,b, c), then
we have three possibilities for (μ(γ3),μ(γ4)): (a,b), (a, c) or (a, c), (b, c) or (b, c), (a,b). The Hurwitz move to the right
takes the ﬁrst case to the second case and the second case to the third case so we can always complete (γ1, γ ) and (γ1, β3)
to a basis with μ(γ3) = (a,b) and μ(γ4) = (a, c). Both bases have the same monodromy sequences so there exists a liftable
homeomorphism f which takes one basis onto the other. Since f takes γ1 onto itself it belongs to H , by Property B, and
since it takes γ onto β3 the curve γ is elementary.
In the second case, when τ0 is a product of two disjoint transpositions, say (a,b)(c,d), then (μ(γ3),μ(γ4)) is equal
(a,b), (c,d) or (c,d), (a,b). The Hurwitz move to the right takes the ﬁrst case to the second case and the same argument
works.
We may now assume that n > 4 or p is of Type 3. We have n − 1 disjoint curves with index less than k in the com-
plement of γ . By Lemma 3.4 one of these curves does not separate p(γ ). In particular it is non-separating and therefore is
elementary by the induction hypothesis. Now γ is elementary by Corollary 3.2.
It follows by induction on k that all non-separating curves are elementary. Let f be any liftable homeomorphism. Then
f (αn) is a non-separating curve with monodromy (1,4), so it is H-equivalent to αn . (Unless n = 4 and p is of Type 6, when
we take f (α3) and the monodromy is (1,3).) There exists h ∈ H such that hf (αn) = αn . So hf ∈ L(αn). But L(αn) = H(αn)
so hf ∈ H and f ∈ H . This concludes the proof of Proposition 4.
We prove a few more lemmas which will be helpful in the proof of Properties A and B.
Lemma 4.2. Let γ1, γ2, . . . , γn be a geometric basis for a covering p. Let xi−1, xi, xi+1 . . . be a part of a basic sequence of arcs associated
with the basis. Let H be a subgroup of L(p) such that the xk’s are H-admissible. Suppose that xi is of Type 3 and the other xk’s are of
Type 1. Consider arcs depicted on Fig. 9:
If w is H-admissible then w ′ is H-admissible.
If d is H-admissible then d′ is H-admissible.
If both d and w are H-admissible then the arc w2 is H-admissible.
Proof. We have d′ = xi+3xi+2xi+1x3i xi+1xi+2xi+3(d).
Also w ′ = x−3i xi−1x−1i+1x3i (w).
To prove the last claim we restrict the discussion to a regular neighborhood U of the union of γi−1, γi, . . . , γi+4 which
contains the arcs xi−1, xi, . . . , xi+3, shown on Fig. 9. To simplify notation we assume i = 2. The geometric basis in U is of
Type 3 and the complement of γ1 is of Type 2 and all distinguished arcs for Type 2 are H-admissible. Therefore H(γ1) =
L(γ1). One can check that
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Fig. 10. Elementary curves for Type 3.
x−11 w ′−1x1x
−1
4 x
−1
3 x
−1
5 x
−1
4 w
′−1x1w2(γ1) = γ1. Therefore w2 ∈ H . 
Lemma 4.3. If arcs x1, x2, . . . , xk are part of a basic sequence of arcs then the product of twists Tk = Δ2(x1, . . . , xk) = (x1x2 . . . xk)k+1
belongs to the subgroup generated by x21, x2, . . . , xk. Also Δ
4(x1, x2) belongs to the subgroup generated by x31, x2 .
Proof. The twists satisfy the standard braid relations xix j = x jxi if |i − j| > 1 and xix jxi = x jxix j if |i − j| = 1. Therefore
they satisfy the standard relation in the braid group Tk = Tk−1xkxk−1 . . . x2x21x2 . . . xk−1xk . The claim follows by induction.
For k = 2 we have T 22 = (x21x2x21x2)2 = x31x2x31x2x31x2. 
4.1. Induction step for Type 3
Let p be a covering of Type 3. Monodromy of curves involves only letters 1, 2 and 3. We choose elementary curves as
on Fig. 10. We shall prove that the curves among them with the same monodromy are H-equivalent.
We have β1,2 = x−32 (β ′′1,2) = x3(β ′1,2).
β ′1,3 = x3(β1,3) = wx3(β ′′1,3).
β2,3 = x1(β ′′2,3) = w ′(β ′2,3) (see Lemma 4.2).
We prove Property A.
The total monodromy τ is trivial for n-even and is a transposition for n-odd. By Remark 3, n 4 is suﬃcient for pairs of
different transpositions and n 5 is suﬃcient for pairs of equal transpositions. For each ordered pair of transpositions ν1, ν2
we point to a non-separating pair of disjoint elementary curves γ1, γ2 in the given order with the given monodromies.
(1,2), (1,2) β ′1,2, β1,2.
(1,2), (1,3) β ′1,2, β1,3.
(1,2), (2,3) β1,2, β2,3.
(1,3), (1,2) β ′′1,3, β1,2.
(1,3), (1,3) β1,3, β ′1,3.
(1,3), (2,3) β ′′1,3, β2,3.
(2,3), (1,2) β ′′2,3, β1,2.
(2,3), (1,3) β ′′2,3, β1,3.
(2,3), (2,3) β2,3, β ′2,3.
This proves Property A.
We prove Property B.
Curves αi are elementary. For each transposition ν we want to prove that H(βν) = L(βν).
ν = (2,3), β = α1. Curves α2,α3, . . . ,αn form a basis of Type 2 in the complement of β and all distinguished arcs for
Type 2 are H-admissible hence H(β) = L(β) by the Induction Hypothesis.
ν = (1,3), β = αn . If n = 4 curves x−12 x−11 (α1), α1, α2 form a basis of Type 2 in the complement of β and all distinguished
arcs for Type 2 are H-admissible. If n > 4 curves α1,α2, . . . ,αn−1 form a basis of Type 3 in the complement of β and all
distinguished arcs for Type 3 are H-admissible. Therefore H(β) = L(β) by the Induction Hypothesis.
ν = (1,2). If n = 6 we choose β = β ′′1,2. We choose a basis in the complement of β as on Fig. 11, left side. It has the
monodromy sequence (1,2), (1,3), (1,3), . . . , (1,3) so it is of Type 2. All distinguished arcs for Type 2 are H-admissible (if
n > 6 then d˜ is disjoint from αn and therefore H-admissible.)
If n = 6 we choose β = β1,2. We choose a basis in the complement of β as on the right side of Fig. 11. The basis is of
Type 3. All distinguished arcs for Type 3 are H-admissible except possibly for x˜1 and w˜ . By Lemma 4.2 we can choose for w
the arc w ′ on Fig. 9. Then it turns out that w˜ ′ = w ′ is H-admissible. Also x˜1 = x1(w2) so it is H-admissible by Lemma 4.2.
This concludes the proof of Property B.
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Fig. 12. Arcs d1 and z1 for Type 5.
Fig. 13. Elementary curves for Type 5.
4.2. Induction step for Type 5
We prove ﬁrst that H(α1) = L(α1). Curves α2, . . . ,αn form a basis in the complement of α1 and it is of Type 2. All
distinguished arcs for Type 2 are H-admissible so H(α1) = L(α1) by the Induction Hypothesis.
We prove now that arcs d1 and z1 on Fig. 12 are H-admissible of Types 1 and 3 respectively. We have z1 = x31 y21(x2). Let
h = (y1x3x4)4. It is the Dehn twist with respect to the boundary curve of a regular neighborhood of the union y1 ∪ x3 ∪ x4
and it belongs to H by Lemma 4.3. Then d1 = x31hx5x4x3 y21x−13 x−14 x−15 (d).
We choose elementary curves. For n = 4 we have τ = (3,2,1). By Remark 3 the number n = 4 is suﬃcient for a transpo-
sition μ if μτ is a 4-cycle. Since τ = (3,2,1) transposition μ must contain number 4. Let us choose elementary curves βν
shown on Figs. 13–16. We need to check that the curves on these pictures which have the same monodromy are H-
equivalent. All curves αi with i > 2 are H-equivalent to α4 = β1,4 and therefore elementary.
x31 y
2
1x3 y
2
1Δ
4(x2, x3)(β ′1,2) = β1,2 (see Lemma 4.3)
β ′′1,2 is non-separating for n 7. β1,2 = x−14 x−15 x−16 z31x3x4x5d−11 x6(β ′′1,2).
β ′′′1,2 = z31x3x4(β1,2).
β ′′′′1,2 = x−15 x3 y21x−14 x32x3x32(β ′1,2).
x32x3x4(β1,3) = β ′1,3 = x32x−15 x−14 (β ′′1,3).
x3 y21(β
′
1,4) = β1,4.
β2,3 = z31x3x4(β ′2,3).
β ′′2,3 is non-separating only for n > 5. Then d1 is H-admissible. Consider arc y = y3 Corresponding to n = 5. We have
y = d1x31x−15 x−14 x−13 (y1) therefore y is H-admissible and we have β ′′2,3 = x32x3x32x−13 x−14 x−13 z−31 y2(β2,3).
β ′′′2,4 = x31 y21x32x3(β2,4).
β2,4 = x4(β ′2,4).
β ′′2,4 = d1x−15 x−14 x−13 z−31 (β ′′′2,4), for n 6.
β3,4 = x32(β ′3,4) = x−13 x−14 (β ′′′3,4) = x−13 x−32 (β ′′3,4).
β ′3,4 = x3x4x5d−1(β ′′′′3,4), for n 6.
We now prove Property A.
For n = 5 the total monodromy τ = (2,4,1,3) and n = 5 is not suﬃcient for a pair of transpositions ν1, ν2 if τ0 = ν2ν1τ
is a transposition, by Remark 3. For n = 6 we have τ = (2,1,3) and n = 6 is not suﬃcient if τ0 is trivial. For every ordered
pair of transpositions ν1, ν2 we indicate the minimal suﬃcient n, the corresponding τ0 and a non-separating pair of disjoint
elementary curves in the given order with the given monodromies.
(1,2), (1,2), τ0 = (2,4,1,3), n 5. Elementary β1,2, β ′′′1,2.
(1,2), (1,3), τ0 = (1,2,3,4), n 5. Elementary x5(β ′′′′ ), β1,3.1,2
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Fig. 15. Elementary curves for Type 5.
Fig. 16. Elementary curves for Type 5.
(1,2), (1,4), τ0 = (1,4)(2,3), n 6. Elementary β1,2,α5.
(1,2), (2,3), τ0 = (1,4), n 7. Elementary β ′′′′1,2, β ′′2,3.
(1,2), (2,4), τ0 = (2,1,4,3), n 5. Elementary β ′1,2, β2,4.
(1,2), (3,4), τ0 = (3,1,4,2), n 5. Elementary β ′1,2, β ′3,4.
(1,3), (1,2), τ0 = (1,4), n 7. Elementary β1,3, β ′′1,2.
(1,3), (1,3), τ0 = (2,4,1,3), n 5. Elementary β1,3, β ′1,3.
(1,3), (1,4), τ0 = (1,4,2), n 6. Elementary β1,3,α5.
(1,3), (2,3), τ0 = (2,3,4,1), n 5. Elementary β1,3, β ′′2,3.
(1,3), (2,4), τ0 = (2,4,1), n 6. Elementary β1,3, β ′′2,4.
(1,3), (3,4), τ0 = (2,4,3,1), n 5. Elementary β1,3, β ′′3,4.
(1,4), (1,2), τ0 = (4,3,2,1), n 5. Elementary α3, β1,2.
(1,4), (1,3), τ0 = (1,2,4,3), n 5. Elementary α3, β1,3.
(1,4), (1,4), τ0 = (2,4,1,3), n 5. Elementary α3,α4.
(1,4), (2,3), τ0 = (3,1,4), n 6. Elementary α4, β ′′2,3.
(1,4), (2,4), τ0 = (2,3)(1,4), n 6. Elementary α3, β ′′2,4.
(1,4), (3,4), τ0 = (4,2,1), n 6. Elementary α5, β ′′′′3,4.
(2,3), (1,2), τ0 = (1,2,3,4), n 5. Elementary β ′2,3, β1,2.
(2,3), (1,3), τ0 = (1,4), n 7. Elementary β2,3, β ′′1,3.
(2,3), (1,4), τ0 = (1,4,3), n 6. Elementary β2,3,α5.
(2,3), (2,3), τ0 = (2,4,1,3), n 5. Elementary β ′2,3, β2,3.
(2,3), (2,4), τ0 = (2,1,3,4), n 5. Elementary β ′2,3, β ′′′2,4.
(2,3), (3,4), τ0 = (4,1,3), n 6. Elementary β2,3, β ′′′3,4.
(2,4), (1,2), τ0 = (1,4)(2,3), n 6. Elementary β ′2,4, β1,2.
(2,4), (1,3), τ0 = (1,2,4), n 6. Elementary β ′2,4, β1,3.
(2,4), (1,4), τ0 = (1,4,3,2), n 5. Elementary β ′2,4,α4.
(2,4), (2,3), τ0 = (4,1,3), n 6. Elementary β ′2,4, β2,3.
(2,4), (2,4), τ0 = (2,4,1,3), n 5. Elementary β ′2,4, β ′′′2,4.
(2,4), (3,4), τ0 = (3,4,2,1), n 5. Elementary β ′2,4, β3,4.
(3,4), (1,2), τ0 = (1,4,2,3), n 5. Elementary β3,4, β1,2.
(3,4), (1,3), τ0 = (1,4,2), n 6. Elementary β3,4, β ′1,3.
(3,4), (1,4), τ0 = (1,2,4,3), n 5. Elementary β3,4,α4.
(3,4), (2,3), τ0 = (2,1,3,4), n 5. Elementary β ′ , β2,3.3,4
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(3,4), (2,4), τ0 = (4,1,3), n 6. Elementary β3,4, β ′′2,4.
(3,4), (3,4), τ0 = (2,4,1,3), n 5. Elementary β3,4, β ′′3,4.
This completes the proof of Property A.
We now prove Property B.
We want to prove that if a curve β is elementary then H(β) = L(β). We choose a geometric basis of Type j in the
complement of β . If all the distinguished arcs for Type j corresponding to this basis are H-admissible then H(β) = L(β) by
the Induction Hypothesis.
If n = 4 then, by Remark 3, the total monodromy of p(β) must be a 4-cycle. Since the total monodromy of p is equal
(2,3)(1,3) the monodromy ν of β must contain number 4. For ν = (1,4) we choose β = α4. The complement has the
standard basis α1,α2,α3 of Type 5 and all distinguished arcs are H-admissible. For ν = (2,4) we choose β = β2,4 on
Fig. 16 and again the complement has the standard basis α1,α2,α3. For ν = (3,4) we choose β = β3,4 on Fig. 16. The
complement contains a basis α1, x
−1
3 x
−1
2 (α2),α3 with monodromy sequence (2,3), (3,4), (1,4) of Type 5. It is easy to see
that all distinguished arcs for Type 5 are H-admissible.
So we assume n 5.
We already know that L(α1) = H(α1).
Consider now elementary curves for different values of the monodromy ν of β .
ν = (1,4), β = αn . Basis α1, . . . ,αn−1 is of Type 5. All distinguished arcs are H-admissible except for y˜3 if n is even (see
Fig. 17). Then arc d′ on Fig. 17 is disjoint from α1 and hence H-admissible and x−1n−2x
−1
n−1xn−3xn−4 . . . x4xn−2xn−3 . . . x5d′( y˜3)
lies in D(αn−1,αn). The domain D(αn−1,αn) has a standard basis α1, . . . ,αn−2 of Type 5 and all distinguished arcs for
Type 5 are H-admissible so every arc there is H-admissible by the Induction Hypothesis.
ν = (1,3), n-even. We choose for β the curve on Fig. 18. It has monodromy (1,3) and is non-separating in the comple-
ment of α3 so it is H-equivalent to β1,3 by Corollary 3.2. We choose the basis on Fig. 18 in the complement of β on the left
side of β . It has the monodromy sequence (2,3), (3,4), (3,4), (1,4), . . . , (1,4) with ﬁrst curve α1 and the last curve αn−2.
The basis is of Type 6 and we are done by Remark 5.
ν = (3,4), n-odd. We choose for β the curve on Fig. 18. Now n is odd so the curve has monodromy (3,4). It is non-
separating in the complement of α3 so it is H-equivalent to β3,4. We choose a basis in D(β) as on Fig. 18 with the
monodromy sequence (2,3), (3,4), (3,4), (1,4), . . . , (1,4) with the ﬁrst curve α1 and the last curve αn−2. The basis has
Type 6. By Remark 5 we only need to check arcs y˜5 and y˜6. Arc y˜6 is depicted on Fig. 19. Let z = x−1n−1x−1n−2 . . . x−14 x−13 (z1)
be the arc on Fig. 19. It is H-admissible by construction. Now z−3( y˜6) is disjoint from αn , hence H-admissible. Arc y˜5 is
depicted on Fig. 20, left side. When we apply to it twist z3 we get the arc u on Fig. 20, right side. Arc u intersects αn at
one point. We can slide u along αn to A0 and split it at A0 into two curves. The right curve γ1 has monodromy (2,4) and
the left curve γ2 has monodromy (1,3). Curve γ2 can be completed on the left to a basis of D(αn, γ1) with the monodromy
sequence (3,4), (3,4), . . . , (3,4), (1,3). Curve α2 also lies in D(αn, γ1) and also can be completed to a basis of D(αn, γ1)
with the monodromy sequence (3,4), (3,4), . . . , (3,4), (1,3). It follows that there exists a liftable homeomorphism f of
D(αn, γ1) which takes one basis onto the other and in particular takes γ2 onto α2. It also takes the arc u onto the union of
α2 and γ1 which is isotopic to an H-admissible arc y3. Since D(αn, γ1) is contained in D(αn) and L(αn) = H(αn) it follows
that f ∈ H and therefore y˜5 is H-admissible.
We now use the reduction from Lemma 3.3.
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Fig. 21. Elementary curves for Type 6.
Fig. 22. Elementary curves for Type 6.
In the proof of Property A we have seen that for every transposition ν and for any n 5 there is a non-separating pair
of disjoint elementary curves β1, β2 with monodromy ν .
If n is even then the total monodromy τ = (3,2,1) so τ−1(1,4)τ = (3,4), τ−1(3,4)τ = (2,4), τ−1(1,3)τ = (2,3),
τ−1(2,3)τ = (1,2). Since L(β1,4) = H(β1,4) and L(β1,3) = H(β1,3) we get, by Corollary 3.3, L(β3,4) = H(β3,4), L(β2,4) =
H(β2,4), L(β2,3) = H(β2,3), L(β1,2) = H(β1,2).
If n is odd then τ = (2,4,1,3) so τ−1(1,4)τ = (1,3), τ−1(1,3)τ = (2,3), τ−1(2,3)τ = (2,4), τ−1(3,4)τ = (1,2). Since
L(β1,4) = H(β1,4) and L(β3,4) = H(β3,4) we get, by Corollary 3.3, L(β1,3) = H(β1,3), L(β2,3) = H(β2,3), L(β2,4) = H(β2,4),
L(β1,2) = H(β1,2).
This completes the proof of Property B.
4.3. Induction step for Type 6
Curves α2 and α3 are H-equivalent and αi is equivalent to α4 for i > 4. We choose β1,3 = α2 and β1,4 = α4. Some
other elementary curves are shown on Figs. 21–23. We need to check that all curves on these pictures which have the
same monodromy are H-equivalent. Total monodromy is (2,3)(1,4) for n even and (2,3) for n odd. By Remark 3, n = 4 is
suﬃcient for monodromies (1,2), (1,3), (2,4), (3,4), n = 5 is suﬃcient for monodromy (1,4) and n = 6 is suﬃcient for
monodromy (2,3).
Observe ﬁrst that arc u on Fig. 24 is H-admissible and of Type 3. Indeed x1 = x−12 y21x33(u).
β ′1,2 = x2x31(β1,2) = w ′−1x2 y−21 x−14 y−21 (β ′′1,2) (see Lemma 4.2).
β ′1,3 = x−12 w ′(α3).
α4 = y21(β ′1,4).
β ′1,4 = x−14 wx4(β ′′1,4).
Also curve w−1(α5) of index 0 is elementary.
β2,3 = u3x4x5(β ′2,3).
For β ′′2,3 we consider arc y = y6 corresponding to n = 6. If n = 6 then y is H-admissible. If n > 6 then arc d is H-
admissible and arc d′ on Fig. 9 is H-admissible by Lemma 4.2. We have x−31 x
−1
4 x
−1
5 x
−1
6 d
′(y) = y1 so y is H-admissible. Now
β ′′2,3 = x33x4x33x−14 x−15 x−14 u−3x−31 y2x31(β2,3).
β ′′′2,4 = x2x31x−12 y21x33(β2,4).
β2,4 = x4(β ′2,4) = x4x5(β ′′′′2,4).
For β ′′2,4 consider arc w ′ from Lemma 4.2 and arc y2 = w−1x4(y1) symmetric to y1 with respect to the real axis. Now
β ′′2,4 = w ′ y22x4 y22x5x4x−12 (β ′′′2,4).
β3,4 = x3(β ′′ ) = x−1x−1w ′−1x2(β ′ ) = x−1x−3(β ′′′ ).3 3,4 4 5 3,4 4 3 3,4
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Fig. 24. Arc u for Type 6.
Proof of Property A. For n = 5 the total monodromy τ = (2,3) and n = 5 is not suﬃcient for a pair of transpositions ν1, ν2
if τ0 = ν2ν1τ is a transposition, by Remark 3. For n = 6 we have τ = (2,3)(1,4) and n = 6 is not suﬃcient if τ0 is trivial. For
every ordered pair of transpositions ν1, ν2 we indicate the minimal suﬃcient n, the corresponding τ0 and a non-separating
pair of disjoint elementary curves in the given order with the given monodromies.
(1,2), (1,2), τ0 = (2,3)(1,4), n 6. Elementary β1,2, β ′′1,2.
(1,2), (1,3), τ0 = (1,2,4), n 6. Elementary β1,2, β ′1,3.
(1,2), (1,4), τ0 = (1,4,3,2), n 5. Elementary β1,2,α4.
(1,2), (2,3), τ0 = (1,3,4), n 6. Elementary β1,2, β2,3.
(1,2), (2,4), τ0 = (2,4,1,3), n 5. Elementary β1,2, β2,4.
(1,2), (3,4), τ0 = (3,4,2,1), n 5. Elementary β1,2, β3,4.
(1,3), (1,2), τ0 = (1,3,4), n 6. Elementary α3, β ′′1,2.
(1,3), (1,3), τ0 = (2,3)(1,4)), n 6. Elementary α2, β ′1,3.
(1,3), (1,4), τ0 = (1,4,2,3), n 5. Elementary α3,α4.
(1,3), (2,3), τ0 = (1,2,4), n 6. Elementary β ′1,3, β ′′2,3.
(1,3), (2,4), τ0 = (1,2,4,3), n 5. Elementary α3, β ′′′2,4.
(1,3), (3,4), τ0 = (1,2,3,4), n 5. Elementary α2, β3,4.
(1,4), (1,2), τ0 = (1,3,2,4), n 5. Elementary α4, β ′′1,2.
(1,4), (1,3), τ0 = (1,2,3,4), n 5. Elementary α4, β ′1,3.
(1,4), (1,4), τ0 = (2,3)(1,4), n 6. Elementary α4,α5.
(1,4), (2,3), τ0 = (1,4), n 7. Elementary α5, β ′′2,3.
(1,4), (2,4), τ0 = (1,4,3,2), n 5. Elementary α4, β ′′′2,4.
(1,4), (3,4), τ0 = (1,4,2,3), n 5. Elementary α4, β3,4.
(2,3), (1,2), τ0 = (1,2,4), n 6. Elementary β ′′2,3, β ′′1,2.
(2,3), (1,3), τ0 = (1,3,4), n 6. Elementary β2,3,α3.
(2,3), (1,4), τ0 = (1,4), n 7. Elementary β2,3,α6.
(2,3), (2,3), τ0 = (2,3)(1,4), n 6. Elementary β ′2,3, β2,3.
(2,3), (2,4), τ0 = (1,4,2), n 6. Elementary β ′2,3, β ′′′2,4.
(2,3), (3,4), τ0 = (1,4,3), n 6. Elementary β ′′2,3, β ′′′3,4.
(2,4), (1,2), τ0 = (1,4,3,2), n 5. Elementary β ′2,4, β ′1,2.
(2,4), (1,3), τ0 = (1,2,4,3), n 5. Elementary β ′2,4,α3.
(2,4), (1,4), τ0 = (1,3,2,4), n 5. Elementary β ′2,4,α4.
(2,4), (2,3), τ0 = (1,4,3), n 6. Elementary β ′′′′2,4, β2,3.
(2,4), (2,4), τ0 = (2,3)(1,4), n 6. Elementary β ′2,4, β2,4.
(2,4), (3,4), τ0 = (1,4,2), n 6. Elementary β ′2,4, β3,4.
(3,4), (1,2), τ0 = (1,3,4,2), n 5. Elementary β3,4, β ′′1,2.
(3,4), (1,3), τ0 = (1,4,2,3), n 5. Elementary β ′′3,4,α3.
(3,4), (1,4), τ0 = (1,2,3,4), n 5. Elementary β3,4,α5.
(3,4), (2,3), τ0 = (1,4,2), n 6. Elementary β ′′3,4, β2,3.
(3,4), (2,4), τ0 = (1,4,3), n 6. Elementary β3,4, β ′′2,4.
(3,4), (3,4), τ0 = (2,3)(1,4), n 6. Elementary β3,4, β ′′′3,4.
This completes the proof of Property A. 
Proof of Property B. For n = 4 the complement of βν (when βν exists) has Type 5, for a suitable choice of basis and one
can check that the three distinguished arcs for Type 5 are H-admissible. So we assume that n 5.
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Fig. 26. Basis in the complement of α3.
Fig. 27.
We prove ﬁrst that L(α1) = H(α1). The remaining curves of the standard basis α2, . . . ,αn form a geometric basis of
Type 3 and all corresponding distinguished arcs of Type 3 are H-admissible.
We now consider αn . For n = 4 curve α4 is separating. The remaining curves of the standard basis form a basis of Type 2
and all corresponding distinguished arcs of Type 2 are H-admissible, hence H(α4) = L(α4).
For n > 4 curve αn is non-separating and we consider it with the elementary curves.
ν = (1,4), n > 4. We choose β = αn . The remaining curves α1, . . . ,αn−1 form a geometric basis of Type 6 and all
corresponding distinguished arcs of Type 6 are H-admissible except possibly for y˜5 and y˜6 if n is odd. Consider Fig. 25.
Arc z is disjoint from α1 so it is H-admissible and arc z−1( y˜5) is H-equivalent to y2 = w−1x4(y1). Therefore y˜5 is also
H-admissible. The case of y˜6 is symmetric.
ν = (1,2). We choose β = β1,2. Curves α1,α3, . . . ,αn form a geometric basis of Type 5 in the complement of β . All
distinguished arcs for Type 5 are H-admissible except possibly for y˜3 when n is even. But y˜3 = x−31 (y6) so it is also H-
admissible.
ν = (1,3). We choose β = α3. We choose a basis γ1, γ2,α4, . . . ,αn in the complement of β (see Fig. 26). The basis has
the monodromy sequence (2,3), (1,2), (1,4), . . . , (1,4) so it has Type 5. We have x˜1 = x1, x˜2 = u, x˜i = xi+1 for i > 2. Also d˜
lies in D(β1,2) so it is H-admissible. For n-even y˜3 = x2x31(y5) so it is also H-admissible.
ν = (2,4), n-odd. We choose for β the curve on Fig. 27, left side. Then β = x−12 (β2,4). We choose basis α1,α2, x3(α4),
α5, . . . ,αn in the complement of β . It has the monodromy sequence (2,3), (1,3), (3,4), (1,4), . . . , (1,4). We move
the third curve to the left then again the third curve to the left and get a basis with the monodromy sequence
(2,3), (3,4), (1,4), . . . , (1,4) of Type 5 and we are done by Remark 5.
We now use Lemma 3.3. We have seen that for n  5 there exist non-separating pairs of disjoint elementary curves
(β1,2,α4), (β1,3,α4), (β ′2,4,α4). For n-odd τ−1(2,4)τ = (3,4) so L(β3,4) = H(β3,4) by Corollary 3.3. For n-even τ−1(1,2)τ =
(3,4) and τ−1(1,3)τ = (2,4) so L(β3,4) = H(β3,4) and L(β2,4) = H(β2,4).
ν = (2,3). We have n  6 by Remark 3. We choose for β the curve β ′ on the right side of Fig. 27. There is an even
number of branch values inside “the loop”. If n is even there is only one branch point An on the right of “the loop” and
if n is odd there are two such points, An−1 and An . Curve β ′ is on the left side of α3 and does not separate p(α3), so
it is elementary, H-equivalent to β2,3. We choose a basis in the complement of β ′ on the left side of β ′ . Curve γ1 = β1,2
on Fig. 27 is the ﬁrst curve of the basis. Curve γ2 is the second curve of the basis. Curve γ ′ = β ′′3,4 is the last curve. The
monodromy sequence is (1,2), (1,2), (1,4), (1,4), (3,4), . . . , (3,4) if n is odd and (1,2), (1,2), (1,4), (3,4), . . . , (3,4) if n is
even. So the basis is of Type 7 if n is odd and of Type 8 if n is even. If n is odd we only need to check the arc e˜ when n = 7,
by Remark 5. Arc e˜ is disjoint from the third curve γ3 of the new basis. Curve γ3 is non-separating in the complement of
γ ′ , so it is elementary, by Corollary 3.2, H-equivalent to αn and thus e is H-admissible.
If n is even we only need to check the arc w˜ if n = 6, by Remark 5. Arc w˜ is disjoint from the third curve γ3 of the new
basis (Fig. 28). This curve is separating for n = 6. We shall prove that H(γ3) = L(γ3). We let δ1 = x−33 x−14 x−15 (γ3) and we
choose a basis in the complement of δ1 as on the right side of Fig. 28. Curve α1 is the ﬁrst curve of the basis, β ′3,4 is the last
curve of the basis and the basis has the monodromy sequence (2,3), (3,4), (3,4), (3,4), (3,4) of Type 2. All distinguished
arcs for Type 2 are disjoint from α1 or from β ′3,4 and therefore are H-admissible, except for d˜. Arc d˜ for the basis of Type 2
on Fig. 28 is shown on Fig. 29 (the picture corresponds to the standard basis of Type 6). Let z = x−3x−1x−1w ′−1x5x4(x3),3 4 5
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Fig. 29. Arcs d˜ and v1.
Fig. 30. Curves δ and δ2.
where w ′ is deﬁned in Lemma 9. Then z is H-admissible of Type 3. We let v1 = x31z−3(d˜). It is shown on Fig. 29, right side.
We want to prove that v1 is H-admissible. We consider curve v1(α3). Since H(α3) = L(α3) it suﬃces to prove that v1(α3)
is H-equivalent to α3. Curve δ2 = x−31 y26v1(α3) is shown on Fig. 30. Curve δ is disjoint from δ2, is not-separating in the
complement of δ2 and is H-equivalent to β ′1,3. Indeed δ = y21x33x4x5(β ′1,3). Therefore δ2 is elementary, H-equivalent to α3,
by Corollary 3.2. It follows that v1 is H-admissible, d˜ is H-admissible, H(γ3) = L(γ3) and thus w˜ is H-admissible since it is
disjoint from γ3. Finally H(β2,3) = L(β2,3) also for n = 6.
This concludes the proof of Property B. 
4.4. Induction step for Type 7
We choose elementary curves. For ν = (2,3) curves α1 and α2 are elementary. For ν = (1,3) curves α3 and α4 are
elementary. For ν = (1,4) all curves αi , i > 4 are elementary. Some other elementary curves are shown on Fig. 31. We show
H-equivalence of curves with the same monodromy.
β ′1,2 = y21x5 y21x−13 w ′1x3x32(β1,2) (see Lemma 4.2).
α4 = w(β ′′1,3), β ′1,3 = x−13 w ′1(α4).
α5 = y21x1 y21x−15 w1x5(β ′1,4).
α5 = x−15 w1(β ′′1,4) = y21x−15 w1(β ′′′1,4).
β ′2,3 = x−11 w ′ y21x5 y21(α2).
β ′′2,3 = w ′(α2).
β ′′′2,3 = x−11 w ′ y21(α2).
β ′′′′2,3 = e′(α2). We need to prove that arc e′ on Fig. 32 is H-admissible. Let u = x32x−13 y21(x4) (symmetric to arc u on
Fig. 24). Then e′ = u−3x1x−15 u3(e).
β ′2,4 = x5x3x32x−13 y21x34(β2,4).
β3,4 = x34wy21x1 y21(β ′3,4).
Also curves x32(β1,2) and x
−3
4 (β3,4) of index 0 are elementary.
Proof of Property A. The total monodromy τ is trivial for n-even and equal to (1,4) for n-odd. For an ordered pair of
transpositions ν1, ν2 we let τ0 = ν2ν1τ . We consider n 6. If ν1 = ν2 then n = 6 is suﬃcient, by Remark 3, because τ0 is a
product of two distinct transpositions. If ν1 = ν2 then n = 6 is not suﬃcient but n = 7 is suﬃcient. For every ordered pair
of transpositions ν1, ν2 we indicate a non-separating pair of disjoint elementary curves in the given order with the given
monodromies.
(1,2), (1,2), n 7. Elementary β1,2, β ′ .1,2
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Fig. 32. Curve β ′′′′2,3 and arc e′ .
(1,2), (1,3), n 6. Elementary β1,2,α4.
(1,2), (1,4), n 6. Elementary β1,2,α5.
(1,2), (2,3), n 6. Elementary β1,2,α2.
(1,2), (2,4), n 6. Elementary β1,2, β2,4.
(1,2), (3,4), n 6. Elementary β1,2, β3,4.
(1,3), (1,2), n 6. Elementary α3, x32(β1,2).
(1,3), (1,3), n 7. Elementary α3, β ′1,3.
(1,3), (1,4), n 6. Elementary α3,α5.
(1,3), (2,3), n 6. Elementary β ′′1,3,α1.
(1,3), (2,4), n 6. Elementary β ′′1,3, β2,4.
(1,3), (3,4), n 6. Elementary α3, β3,4.
(1,4), (1,2), n 5. Elementary α5, β ′1,2.
(1,4), (1,3), n 5. Elementary α5, β ′1,3.
(1,4), (1,4), n 7. Elementary α5,α6.
(1,4), (2,3), n 6. Elementary β ′1,4,α1.
(1,4), (2,4), n 6. Elementary β ′1,4, β2,4.
(1,4), (3,4), n 6. Elementary α5, β3,4.
(2,3), (1,2), n 6. Elementary α1, β1,2.
(2,3), (1,3), n 6. Elementary α1,α3.
(2,3), (1,4), n 6. Elementary α1,α6.
(2,3), (2,3), n 7. Elementary α2, β ′′′′2,3.
(2,3), (2,4), n 6. Elementary α1, β2,4.
(2,3), (3,4), n 6. Elementary α1, β3,4.
(2,4), (1,2), n 6. Elementary x−11 (β ′2,4), β ′1,2.
(2,4), (1,3), n 6. Elementary β2,4,α4.
(2,4), (1,4), n 6. Elementary β2,4,α6.
(2,4), (2,3), n 6. Elementary β2,4,α2.
(2,4), (2,4), n 7. Elementary β2,4, β ′2,4.
(2,4), (3,4), n 6. Elementary β2,4, x5(β3,4).
(3,4), (1,2), n 6. Elementary β ′3,4, β1,2.
(3,4), (1,3), n 6. Elementary β ′3,4,α3.
(3,4), (1,4), n 6. Elementary β ′3,4,α6.
(3,4), (2,3), n 6. Elementary β ′3,4,α1.
(3,4), (2,4), n 6. Elementary x5(β3,4), β ′2,4.
(3,4), (3,4), n 7. Elementary β3,4, x−15 x
−3
4 (β3,4).
This completes the proof of Property A. 
Proof of Property B. ν = (1,4). We choose β = αn . If n > 6 we choose a basis α1, . . . ,αn−1 in the complement of β . It
has Type 7 and all distinguished arcs are H-admissible. If n = 6 we jump with α5 to the left of α1 then we jump with
α4 to the left of α1, then with α3 to the left of α1, then with α2 to the left of α1. We get a basis with the monodromy
sequence (1,4), (1,3), (1,3), (2,3), (2,3). It has Type 6. Arc w˜ = x−11 (w ′) and other distinguished arcs for Type 6 are clearly
H-admissible.
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ν = (1,3). We choose β = x−13 (β ′′1,3). Curves αi for i = 4 form a basis of Type 8 in the complement of β . Arc w˜ = e and
all other distinguished arcs for Type 8 are also H-admissible.
ν = (2,3). We choose β = α1. Curves αi for i > 1 form a basis of Type 6 in the complement of β . If n is even then all
distinguished arcs for Type 6 are H-admissible. If n is odd then arc x32( y˜5) is disjoint from α3 and therefore H-admissible
by the previous case. Arc x−32 y˜6 is disjoint from β ′′1,3 hence also H-admissible.
ν = (1,2). If n > 6 we choose β = x−11 (β1,2). Curves α1, x2(α3),α4, . . . ,αn form a basis with the monodromy sequence
(2,3), (1,2), (1,3), (1,4), . . . , (1,4) in the complement of β . If we move the third curve over the second curve we get
a basis of Type 8 and L(β) = H(β) by Remark 5 and the previous cases. Suppose n = 6. We prove ﬁrst that arc u on
Fig. 33 is H-admissible. Indeed w ′−11 w−1x3u(α4) = α4, where w ′1 is deﬁned in Lemma 4.2, and L(α4) = H(α4) so u is H-
admissible. We choose β = x32(β1,2) and we choose a basis in the complement of β as on the right side of Fig. 33. It has the
monodromy sequence (1,2), (1,3), (1,3), (3,4), (3,4) of Type 6. We have x˜2 = u. All other distinguished arcs for Type 6 are
H-admissible except possibly for w˜ . By Lemma 4.2 we can use arc w˜ ′ . It is shown on Fig. 33. Now u−1(w˜ ′) = w therefore
w˜ is also H-admissible.
ν = (3,4). If n > 6 we choose β = β3,4. The complement has a basis with ﬁrst three curves α1,α2,α3, the last curve
α5 and with the monodromy sequence (2,3), (2,3), (1,3), (3,4), . . . , (3,4), (1,4). We can move all curves with monodromy
(3,4) over α3 and then move α3 to the left to the third position again. We get a basis of Type 8 and we are done by
Remark 5. If n = 6 then this case is symmetric to the case ν = (1,2) with respect to a vertical line. We choose β ′ = x−34 (β3,4).
We choose a basis in the complement of β ′ , on the left side of β ′ , as on Fig. 33, right side. It has the monodromy sequence
(1,2), (1,2), (1,3), (1,3), (3,4). It is symmetric to Type 6. We can choose a different basis, of Type 6, as in the case of
ν = (1,4), n = 6. Then the same argument as in case ν = (1,2), n = 6 works.
ν = (2,4). We choose β = β2,4. The complement has a basis with ﬁrst curve α2, the last curve αn and the mon-
odromy sequence (2,3), (1,3), (3,4), (2,3), (1,4), . . . , (1,4). When we move the second curve to the right to the fourth
position and then the second curve once to the right we get a basis γ1, . . . , γn−1 with the monodromy sequence
(2,3), (2,3), (2,4), (1,4), . . . , (1,4). It is of Type 8. If n > 6 we are done by Remark 5. If n = 6 we check arc x˜−14 (w˜). It
is disjoint from curve x˜2 x˜3(γ4). The last curve is disjoint from γ5 = α6, it is non-separating in the complement of α6 and
has monodromy (1,3), so it is elementary, by Corollary 3.2, and therefore is H-equivalent to β1,3. Now w˜ is H-admissible
by the case ν = (1,3).
This concludes the proof of Property B. 
4.5. Induction step for Type 8
The induction step for Type 8 follows from the induction steps for Type 5 and Type 6. Type 8 has monodromy sequence
(2,3), (2,3), (1,3), (1,4), . . . , (1,4).
We prove ﬁrst that L(α3) = H(α3). Let γ1 = x2(α3) and γ2 = x1x2(α3). Then γ1, γ2,α4, . . . ,αn form a basis of Type 3
in the complement of α3 with the monodromy sequence (1,2), (1,2), (1,4), . . . , (1,4). Arc w˜ is equal to w and arc x
−1
1 (d˜)
is equal to arc d1 from Fig. 12 so it is H-admissible, as in the beginning of the induction step for Type 5. We deﬁne
arc v = x32 y21(x3) which will be used again soon. Then x˜2 = x1(v) and the other distinguished arcs for Type 3 are clearly
H-admissible so H(α3) = L(α3) by the Induction Hypothesis.
We consider the case of n-odd. Curves α2, . . . ,αn form a basis of Type 5 in the complement of α1 and all the dis-
tinguished arcs are H-admissible, so H(α1) = L(α1) and H(α2) = L(α2). We consider the basis α3, γ1, γ2,α4, . . . ,αn . We
keep α3 and γ1 ﬁxed and jump with all other curves αi to the left over γ2 and then we jump with γ2 to the left
to the third position. We get a basis with the ﬁrst curve α3, the second curve γ1 and with the monodromy sequence
(1,3), (1,2), (1,2), (2,4), . . . , (2,4). It has Type 6. Arc x˜1 is equal to x2. Arc y˜1 meets α3 and x2 only at the end point of α3
so it is disjoint from α2 and therefore H-admissible by a previous remark. Other distinguished arcs for Type 6 are disjoint
from α3, hence H-admissible, therefore H = L(p) by the induction step for Type 6.
We now consider n-even. The complement of αn is of Type 8 and all distinguished arcs are H-admissible so H(αn) =
L(αn). We consider the complement of α1. We want to prove that H(α1) = L(α1). Curves α2, . . . ,αn form a basis of Type 5
in the complement of α1. All distinguished arcs are H-admissible except possibly for y˜3. Consider arcs z and z1 on Fig. 34.
We want to prove that they are H-admissible. We have z = v−3x1x−14 v3(w) so z is H-admissible of Type 1. Further z−1(z1)
is clearly H-equivalent to an arc in the complement of αn so it is also H-admissible and z1 is H-admissible and y˜3 = x−11 (z1)
is also H-admissible. Thus L(α1) = H(α1). Let T be the Dehn twist along the boundary of the disk D and let γn = T (α1).
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Then γn has the monodromy (2,4) and L(γn) = H(γn) by Lemma 3.3. Consider basis α3, γ1 = x2(α3),α4, . . . ,αn, γn . It has
the monodromy sequence (1,3), (1,2), (1,4), . . . , (1,4), (2,4). Now all curves αi for i > 3 jump over γ1 and γ1 jumps back
to the second position. We get a basis with the monodromy sequence (1,3), (1,4), (2,4), . . . , (2,4). It is of Type 5 and all
distinguished arcs for Type 5 are disjoint from α3 or from γn and thus H-admissible. Therefore H = L(p) by the induction
step for Type 5.
This concludes the inductive proof of Theorem 3.
5. Simple, connected 4-sheeted branched coverings of a sphere
When p : X → D is a simple covering of a disk with the trivial total monodromy we can glue a disk D0 to ∂D and glue 4
copies of D0 to the boundary components of X and get a covering p˜ : X˜ → S2 of a sphere. Every homeomorphism h of D
extends uniquely, up to isotopy, to the sphere and if h was liftable so is the extension.
For a covering of a sphere a base point is not ﬁxed by an isotopy. Therefore it is not natural to require that the lifting
of a homeomorphism keeps the ﬁber over the base point pointwise ﬁxed. By a liftable homeomorphism of the sphere we
mean any homeomorphism h : S2 → S2 for which there exists φ : X˜ → X˜ such that p˜φ = hp˜.
If we restrict the discussion to such liftable homeomorphisms of the sphere which preserve monodromy of a ﬁxed
geometric “basis” (the product of the elements of the basis is homotopic to a point) then we can transform the basis to a
basis of Type 7, by Hurwitz moves. The group of these homeomorphisms is generated by liftable powers of half-twists with
respect to distinguished arcs for Type 7.
It is possible that every liftable homeomorphism of the sphere is isotopic to a homeomorphism which preserves the
monodromy of a given geometric basis but we do not consider this question here.
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